Mechanism of the pore shape in solid resulted from a tiny bubble captured by a solidification front is theoretically and generally investigated. Pore formation and its shape in solid are one of the most critical factors affecting properties, microstructure, and stresses in materials, and biosciences, global warming, etc. This work is an extension of the previous original work (Wei and Hsiao, 2012) to reveal additional mechanisms. For simplicity without loss of generality, the tiny bubble beyond the solidification front is considered to have a spherical cap, whose contact angle is identical to inclination angle of the pore at the solidification front. The contact angle of the bubble cap is thus governed by the Abel's equation of the first kind in terms of displacement of the solidification front. The controlling parameter is the bubble growth ratesolidification rate ratio. It is found that inclination angle of the pore in the upper region depends on the bubble growth rate-to-solidification rate ratio. Isolated pore cannot occur, provided that contact angle of the bubble cap cannot reach 90 0 . The predicted pore shape and contact angle agree with predictions and observations. Manipulating either bubble growth rate or solidification rate can control pore formation in solid.
Introduction
Porosity is one of the most serious problems commonly occurring in the MEMS, manufacturing and materials processing (Kou, 2003; Pastor et al. 1999; Lau and Lee, 1999; Chernov and Pil'nik, 2012; Oliete and Peña, 2007; Wei, 1999; Inada et al. 2009 ). On the other hand, lotus-type porous metals that contain aligned long columnar pores have recently been functionally fabricated, because they have lightweight, low thermal and electrical conductivities, and high specific tensile strength in the direction parallel to the pore axis (Nakajima, 2007; Park et al. 2007; Liu et al. 2005) . Understanding and controlling pore formation are important (Tane and Nakajima, 2006; Cox et al. 2009 ). Since gas solubility in solid is usually much less than that in liquid, gas is accumulated ahead of the solidification front (Fedorchenko and Chernov, 2003) . Super-saturation thus induces nucleation of bubbles on the solidification front (Wei et al. 2003) . The bubbles within the liquid are not often captured by the solid (Kao et al. 2009 ). This is because the critical velocity, below which the bubble is rejected by the solidification front, and above which it is trapped in solid, was much higher than the solidification rate. Therefore, bubble nucleation at the solidification front is the necessary condition for bubble entrapment and pore formation in solid. Carte (1961) observed pore formation in ice from water containing air. Bubble concentration increases and size decreased as the freezing rate increased. Bubbles were formed at the solidification front, when the superstation ratio was around 30 for freezing rates greater than 2 mm/min. Bari and Hallett (1974) observed the formation and growth of bubbles during freezing of water with air and helium dissolved in it. Cylindrical gas tubes formed in the ice when the freezing rate was below 0.005 mm/s. Egg-shaped bubbles were trapped when the freezing rate was higher. Maeno (1967) observed that when the growth rate of a bubble is larger it remains at the freezing interface, where it absorbs more gas and becomes larger. As it was large enough, it escaped upward. When the growth rate was less than the freezing rate, it was captured. When the growth rate was comparable, the bubble formed a cylindrical gas tube in the ice. Geguzin and Dzuba (1981) also observed and proposed that a bubble is not captured, captured as an elongated inclusion, and isolated pore as the solidification front is, respectively, less, equal, and greater than the rate of displacement of the top surface of the growing bubble. Murakami and Nakajima (2002) observed pore formation of water-carbon dioxide solutions. Irrespective of solidification rate, the pores were spherical for a low degree of saturation. As degree of saturation was high, an increase in solidification rate resulted in the pore shapes to change from columnar pores, short columnar pores to few pores. Wei et al. (2004) in-situ observed and measured pore shapes in ice during solidification of water containing oxygen and carbon dioxide gases. Pore formation was found to be divided into five regimes: (1) nucleation on the solidification front, (2) spherical growth, (3) solidification rate-controlled elongation, (4) disappearance of the bubbles, and (5) formation of the pores in solid. The measured contact angle of the bubble cap decreased in the early stage and maintained 90 degrees for a longer period. It then dropped in the late stage. Yoshimura et al. (2008) observed structural features of oxygen gas bubbles incorporated into a growing ice crystal at various ice growth rates and ambient pressures. As solidification rate increased, four patterns were observed: (a) egg-shaped bubbles, (b) egg-shaped bubbles and cylindrical bubbles, (c) cylindrical bubbles, and (d) bifurcated cylindrical bubbles. The measured diameter and interval decreased with increasing either the growth rate or ambient pressure.
Quantitative predictions of the pore shapes in solid are very limited. The pore shapes resulting from an entrapped bubble on the solidification front were first proposed by Wei et al. (2000) and Wei and Ho (2002) , by accounting for mass, momentum, species and energy transport and physicochemical equilibrium at the moving bubble cap. Since gas in liquid highly accumulates at cap radius by increasing solidification rate, mass transport to the pore was enhanced and gas pressure in the pore was increased. Momentum balance then led to a decrease in cap radius. It was also found that the pore shapes are strongly affected by not only solidification rate but also contact angle. Wei et al. (2004) proposed simplified equations to predict the bubble shapes in solid during the periods of Peng-Sheng Wei and Shih-Yen Hsiao / American Journal of Heat and Mass Transfer (2015) Vol. 2 No. 2 pp. 76-88 78 spherical growth and solidification rate-controlled elongation. The pore shape during spherical bubble growth can be simulated from a geometrical analysis, whereas that due to solidification rate-controlled elongation can be predicted by Young-Laplace equation together with concentration-dependent gas pressure in the bubble. Liu et al. (2005) calculated species transport across the diffusion boundary layer ahead of the solidification front and predicted the porosity affected by partial pressures of hydrogen and argon gases in lotus-type porous magnesium during eutectic unidirectional solidification. Yoshimura et al. (2008) also theoretically found that the diameter and interval are inversely proportional either to the growth rate or to the square root of the ambient pressure.
In this work, a simple geometrical but general analysis provided by Wei and Hsiao (2012) is used to explore critical mechanisms of the pore shape in solid. Controlling pore formation in solid therefore becomes achievable.
System Model and Analysis
Pore shape in solid resulted from entrapment of a micro-bubble on a solidification front, located by displacement s(t) measured from the initial solidification front location, is illustrated in Fig. 1 . Radius of the bubble cap is R(t), while contact angle and base radius are denoted by B and rB, respectively. The variables at the initial state are denoted by subscript of 0. Without loss of generality, the major assumptions made are (1) the model system is axisymmetric, (2) the tiny bubble is spherical with a good approximation (Wei and Ho, 2002) , (3) the slope of the triple phase line delineates the shape of the pore in solid (Wei and Ho, 2002; Wei and Hsiao, 2012) . It implies that the free surface in the pore is instantaneously solidified. Even though a thin liquid layer exists, its thickness is around several nanometers (Maeno, 1967; Kao et al. 2009 ). Cooling thus gives rise to instant frozen of the free surface in the pore, and (4) the bubble growth rate-to-solidification rate ratio is specified to avoid complicated thermal and mechanical analyses. (3) is the well-known Abel's equation of the first kind, which is numerically solved by the Runge-Kutta method in this study.
Fig. 1. Sketch of physical model and coordinates

Asymptotic solutions
Valuable results can be obtained from simplified cases, as derived below: 
Eq. (9) indicates that bubble radius at contact angle of 90 0 , R90 , should be minimal to avoid negative value in the square root. As illustrated in Fig. 2(a) , decrease in contact angle from greater to less than 90 0 should obey a decrease in bubble radius in the course of solidification. On the other hand, decrease in contact angle from 90 0 to less than 90 0 requires increased bubble radius. 
Results and Discussion
Contact angle required for calculating the pore shape is governed by the Abel's equation of the first kind (see Eq. (3)). It can also be considered as the zeroth approximation to the pore formation resulted from a bubble captured by a solidification front. The contact angle variable as a function of displacement of the solidification front subject to a small constant bubble growth rate-tosolidification rate ratio and high initial contact angles is shown in Fig. 3(a) . Regardless of the initial contact angle, contact angles decrease and approach 90 0 . It can be interpreted as the solidification front advances from high to low contact angles of a nearly stationary bubble. It can even pass through the contact angle of 90 0 and give rise to an enclosed pore, as can be seen later. As the bubble growth rate-to-solidification rate ratio is high, contact angles approach 180 0 , as shown in Fig.  3(b) . It can be interpreted as a bubble grows on a nearly stationary solidification front. The contact angle variable predicted from Eq. (3) is confirmed by asymptotic Eqs. (6), (8) and (10) Contact angle versus displacement of the solidification front for different bubble growth rate-tosolidification rate ratios and initial contact angles are shown in Fig. 4(a) . It can be seen that contact angle decreases or increases in the early stage and approaches a constant asymptotic value for a given finite and constant bubble growth rate-to-solidification rate ratio. Asymptotic value is independent of the initial contact angle. The smaller the bubble growth rate-to-solidification rate ratio is, the lower the asymptotic contact angle is. The initial contact angle only affects contact angle in the early stage. A high initial contact angle gives rise to a decrease of contact angle in the early stage. This can be interpreted from Eq. (3) expressed as
where
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For a positive dR/ds and high contact angles A < 0, the quantity A-A2 < 0 in Eq. (13), whereas the sign of dA/ds is opposite to that of A-A1. Consider the equation 
Provided that root of Eq. (16) exists, dA/ds < 0 for an initial contact angle 0>1. On the other hand, dA/ds > 0 for an initial contact angle 0<1. The root of Eq. (16) also yields the asymptotic value. In the case of dR/ds = 1, the asymptotic contact angle using Eq. (16) is found to be 128 0 , agreeing with numerical computation in this figure. Comparing to dR/ds = 1 and 0.5 indicates that contact angle cannot reach 90 0 . Therefore, the pore cannot be closed even though (dR/dt)/(ds/dt) < 1, which is contradictory to the conventional intuition, as mentioned previously. Provided that the bubble growth rate-to-solidification rate ratio is infinitesimal, the asymptotic contact angle approaches 90 0 . It can result in an enclosed pore, as shown in Fig. 4(b) . This trend agrees with the observed stages of the spherical growth and solidification rate-controlled elongation in the freezing of water-oxygen and water-carbon dioxide solutions at a relatively constant solidification rate (Wei et al. 2004) . A minimal bubble radius at contact angles of 90 0 can be produced from a decrease in gas pressure in the bubble, leading to an increase in bubble radius by satisfying Young-Laplace equation (Wei et al. 2000) . Fig. 4(c) shows that in view of curvature of the bubble surface, a lower initial contact angle continuously increases contact angles in the early stage.
Bubble radius and contact angle as functions of displacement of the solidification front in the case of dR/ds = 0.04 sin(0.4s) are shown in Figs. 5(a) and (b), respectively. Bubble radius increases and contact angle decreases. Any location of the solidification front between the location, where contact Peng-Sheng Wei and Shih-Yen Hsiao / American Journal of Heat and Mass Transfer (2015) Vol. 2 No. 2 pp. 76-88 84 angle of 90 0 is first reached, and 7.8 at the location where the bubble radius is maximal, can result in bubble entrapment. This is because an increased bubble radius at the contact angle of 90 0 results in the solidification front easily passing through contact angle of 90 0 (see Figs. 2(a) and (b) ), giving rise to an isolated pore. Since contact angle of 90 0 maintains a long period, the length of an isolated pore cannot be accurately determined. After displacement of the solidification front is greater than 7.8, contact angle continues to decreases. The pore is thus rapidly enclosed as shown in Fig. 5(c) .
(c) Fig. 5 . Variations of (a) bubble radius, (b) contact angle, and (c) pore shape with displacement of the solidification front for dR/ds = 0.04sin(0.4s) Peng-Sheng Wei and Shih-Yen Hsiao / American Journal of Heat and Mass Transfer (2015) Vol. 2 No. 2 pp. 76-88 85 Even though the bubble growth rate-to-solidification rate ratio oscillates strongly, the contact angle of the bubble cap cannot reach 90 0 , as shown in Figs. 6(a) and (b). Pore thus cannot be closed, as shown in Fig. 6(c) . The pore exhibits a wavy wall and a wormhole occurs by oscillating either the bubble cap or solidification front.
(a) (b) (c) Fig. 6 . Variations of (a) bubble radius, (b) contact angle, and (c) pore shape with displacement of the solidification front for dR/ds = 3cos(3s)+ 100/(100s+1) 
Conclusions
The conclusions drawn are the following:
(1) The contact angle of the bubble cap can be described by the Abel's equation of the first kind in terms of displacement of the solidification front. This equation provides the zeroth approximation to study pore formation from a bubble captured by a solidification front.
(2) Contact angles greater than 90 0 approach 90 0 for infinitesimal bubble growth rate-tosolidification rate ratio. For high positive bubble growth rate-to-solidification rate ratios contact angles, however, approach 180 0 .
(3) There exists a critical angle above or below which contact angles decrease or increases in the early stage, respectively, for a finite bubble growth rate-to-solidification rate ratio. The critical angle decreases with the bubble growth rate-to-solidification rate ratio. (4) Contact angle in the late stage or inclination angle of the pore in the upper region is constant and independent of the initial contact angle for a given constant bubble growth rate-tosolidification rate ratio. In the case of dR/ds = 1, the asymptotic contact angle is 128 0 . Therefore, an accepted but intuitive criterion, stating that a pore is closed for the solidification rate greater than bubble growth rate, is incorrect. (5) Isolated pore cannot occur, provided that contact angle of the bubble cap cannot reach 90 0 .
